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Abstract 



> 

in 

. Unknown quantum pure states of arbitrary but definite s-level of a par- 

ticle can be transferred onto a group of remote two-level particles through 
two-level EPRs as many as the number of those particles in this group. 
■ We construct such a kind of teleportation, the realization of which need a 

nonlocal unitary transformation to the quantum system that is made up of 
O ,j the s-level particle and all the two-level particles at one end of the EPRs, 

and measurements to all the single particles in this system. The unitary 
transformation to more than two particles is also written into the product 
^5 ' form of two-body unitary transformations. 

cr 

Quantum mechanics offers us the capabilities of transferring information dif- 
ferent from the classical case, either for computation or communication. Bennett 
et.al. developed a quantum method of teleportation, through which, an 
unknown quantum pure state of a spin-| particle (we call it 'qubit' |2|, |3| ) is 
teleported from the sender 'Alice' at the sending terminal onto the qubit at the 
receiving terminal where the receiver 'Bob' need to perform a unitary transfor- 
mation on his qubit. At first it is necessary to prepare two spin-| particles in an 
Einstein-Podolsky-Rosen (EPR) entangled state 0] or so-called a Bell state and 
send them to the two different places to establish a quantum channel between 
Alice and Bob. The second step is that Alice performs a Bell operator measure- 
ment U to the quantum system involving her share of the two entangled particles 
together with the particle at an unknown state to be transferred. Then through 
classical channels, for example, by broadcasting, Alice needs to let Bob know 
which one she gets of the four possible outcomes of the Bell operator measure- 
ment. After Bob performs on his share of the two formerly entangled particles 
one of four unitary transformations determined by those outcomes, this particle 
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will be in the unknown state. In this way, the unknown state is teleported from 
one place to another. 

The new method of teleportation has interested a lot of research groups. 
They at once started the research work on quantum teleportation and have made 
great development, theoretical and experimental as well. It was generalized to 
the case of continuous variables || [7|. Sixia Yu et.al, investigated canonical 
quantum teleportation of finite-level unknown states by introducing a canonically 
conjugated pair of quantum phase and number ||. The successful experimental 
realization of quantum telepartation of unknown polarization states carried on 
a photon 11 and the succedent experiments about finite-level quantum system 



teleportation |1CJ, |TTJ have aroused a series of discussions [|T|, [T3|, [L4j and further 



research of this topic from various aspects [ITR [16], O] . Possible applications have 



been considered in Ref. [fT8| , [19| . The method of teleportation in the case of 
continuous variables || got its experimental realization in 1998 |]2U[| . 

From a general point of view, no matter what form it is, there are four steps to 
realize the quantum teleportation, which can be seen clearly in Bennett's initial 
scheme 0: (a) EPR entangled states preparing; (b) Bell operator measurements 
by the sender; (c) the sender informing the receiver of his outcomes through clas- 
sical channels; (d) the receiver performing unitary transformation according to 
the classical information. However, the (b) step is not necessary, for it can be 
substituted by a nonlocal unitary transformation along with local measurements 
(Here 'local' means to single particles). More specifically, the unitary transforma- 
tion is performed on the sender's EPR particle and the state-unknown particle to 
form some sort of entangled state involving the state-unknown particle together 
with the EPR particles, both Alice's and Bob's, while the local measurements 
are performed one by one on Alice's particles. These measurements will result 
in the random collapse of all the sender's particles onto definite states. At the 
other end of communication, the receiver will got the same results as in the case 
of performing Bell operator measurements. In other words, the unitary trans- 
formation and local measurements is equivalent to a Bell operator measurement. 
The unnecessity of the (b) step gets further evidence from Ref. |21| in which 



Brassard et. al. indicated the possibility of realizing teleportation by controlled 
NOT gates and single qubit operations used in quantum networks. 

In this article, it is supposed that the unknown state to be transferred is an 
arbitrary but definite S-level pure quantum state carried on one particle labelled 
with C. Different from Ref. ||, in which the shared state is a maximally en- 
tangled EPR states of S'-level, we use the multi-channel made up of L two-level 
EPRs. It means that at first Alice and Bob have to prepare this group of EPRs 
and share each of them, with one particle of each EPR controllable to the sender 
and the other to the receiver. We shall see how the unknown state of S'-level is 
teleported from C at Alice's place to the Bob halves of the EPRs. It is necessary 
here to indicate that the two Hilbert spaces are not the same, one is the single 
particle's while the other is the multi-particle's, but from the Hilbert space with 
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more dimensions (the bigger one) we can always select a subspace equivalent to 
the other (the smaller one). In our case, 2 L > S is required and therefore we 
can select S normalized orthogonal vectors as the basis of the subspace from the 
L two-level particles' Hilbert space to make them mapping one by one to the S 
eigenvectors of C. Two states respectively in the two sorts of Hilbert space will 
be regarded as the same if the coefficients are the same when expressed as the 
linear superposition of their own basis. Only in this means can we say that the 
state on C is teleported onto the L particles. 

We label all the EPRs with serial numbers 0, 1, • • • , L—l, while the correspond- 
ing particles at Alice's place and Bob's are labelled respectively A , A±, ■ • • , 
and B Q , Bi, ■ ■ ■ , B^_i. The EPR entangled state of each pair of particles Af, and 

( k = 0, 1, • • • , L — 1 ) can be chosen as follows 

\^A k B k = ^(\0) Ak \0) Bk + \l) Ak \l) BL ) (1) 

where we express the eigenvectors of the two-level particles as |0) , |1) which in 
the case of |-spin particles, for example, refer to spin-up state and spin-down 
state respectively. Moreover, the state of C is generally written as 

s-i 

\^)o =J2 a m \ m ) C ( 2 ) 
m=0 

S-1 2 

in which a m (m = 0, 1, • • ■ , S — 1) is a complex number satisfying l a m| = 1 

m=0 

and |0) , |1) , • ■ - , \S — 1) denote the S eigenvectors of the S'-level particle. It is 
convenient that we distinguish |0) and |1) only with subscript, i.e. \0) Ak or \0) Bk 
is not the same state with |0) c , and so is 11)^ or \l) Bk with 11)^. Further 
restriction 2 L_1 < S is set on L, since so many EPRs is the least but enough to 
realize our teleportation. 

Any number can be expressed as its binary form above which we will mark the 
symbol '— '. For example, a number customarily in decimal form n is decomposed 
into L-bit number n = 2 L ~ 1 ■ ri£_i + • • • + 2 1 • n\ + 2° • no where 2 L > n and nt = 
or 1 {k — 0, 1, • • • , L — 1), and is written as 

n = n h -\ ■ ■ ■ nin (3) 

On the other hand, any binary number has its decimal correspondence. If we 
regard the L particles A , A\, ■ ■ ■ , Al_x or B , B\, • • • , B L _i as 'qubits' 0, [|, each 
state |n i _i) >ll ._ 1 • • • |ni) Al |n ) Ao = K-i • ■ • n 1 n ) A or |n i _i) Bl ._ 1 • • • K) Bi |n ) Bo = 
\ n L-i • ' ' n i n o) B { n k — or 1, k = 0, 1, ■ ■ ■ L— 1) will correspond to a binary num- 
ber n£_i • ■ ■ uiUq and we introduce a symbol '| ))' to simplify the denotation of 
the state as 

\n)) = \n L -i ■ ■■n 1 n ) (4) 
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where n has the same meaning as in Eq. [3]. The quantum state of the composite 
system made up of A, B and C will thus be as follows 



L-l j 5-1 N-1 

\^o) A BC = \*l>)c II \^A k B k = -nr T E E a m \m) c \ n )) A W)) B (5) 
k=0 V m =0 n=0 



where N = 2 L . 

In principle, Alice is able to perform on the composite system AC any quan- 
tum operations, including local or nonlocal unitary transformations and measure- 
ments. To realize the teleportation, a nonlocal unitary transformation Vac to all 
the bodies included in system AC is performed. Vac wm realize the following 
transformation 

Uac \m) c \n)) A = -±= \j)c I fU™) )) A (6) 

vo j=0 

in which m — 0, 1, • • • , S— 1, and / n (j, m) is a number of decimal form determined 
by j, m and n so that | f n (j, m))) is one of the N eigenstates. If we also express 
j, m and f n (j, m) as the binary form 



j = jL-l-'-jljo ( 7 ) 



m = mt-x • • • mxm 



f n (j,m) = f2-i(j,m)--- fi(j,m)ffi(j,m) 
3k,m k JZ(j,m) = 0,l(fc = 0,l,---.L-l) 

f n (j,m) will be determined by fj}(j,m)s that satisfy 

fZ(j,m) =n k ®J k ®m k (8) 

where '©' denotes addition modulo 2. One can easily prove the unitarity of Vac 
and show that when any two among j, m and n are definite, | f n (j, m) ))s different 
in the parameter of the rest will be orthogonal mutually. For example, 

((f n U,m')\nj,m))) = S m>m (9) 

Where m,m' = 0, 1, • • • , S — 1. Eq. ^ means that any two basis among | 
f n (j, m)))s with the same n and j but different m will not be the same. 

After the transformation of Vac, due to Eq. |] — 1|, the quantum state of 
system ABC will change to 

\*)abc = Uac \^v)abc = 4^ E (b')o "Tr? E (Wa E ^ I .T0'>™) »j 

V>-> j=0 { ViV n=l \ m=0 



(10) 

which is the entangled quantum state involving all the particles in system ABC. 
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If now Alice performs measurements to the single particles C, A®, At, • • • , Al-i, 
with the same possibility of j^, she will acquire one of the outcomes, i.e., 
the collapse of the state of these particles to the possible eigenstate \j) c \ti))a 
(j — 0, 1, • • • , L — 1 and n = 0, 1, • • ■ , N — 1). Thus the entanglement among A, 
B and C will be destroyed and Bob will acquire the state of B 



s- 1 „ ■ 

■ 2mj7v 



\rm B =Y,a m e^\r(j,m))) B (11) 

m=0 

which is an entangled quantum state of particles B ,Bi, ■ ■ ■ ,Bl_i. If n and j 
are definite, Eq. |9] ensure that we can redefine S of S's basis as \m)' = e % ~§~ \ 
f n (j, m) )) \m)' = e l ~5~ \ f n (j, m) )), where |0)' , |1)' , • • • , \S — 1)' form the basis 
of the subspace of system i?'s Hilbert space. Therefore we get 

\r{j)) B = E «m Wb (12) 

m=0 

According to our discussion in paragraph 4 and the comparison of Eq. ^| and [12, 
we can regard \i^ n {j)) and as the same. However, we need indicate that \m) 
lies on j and n, which makes it is still necessary to build the classical channels 
between Alice and Bob to transfer the information about Alice's outcomes, or the 
information of j and n in the other words, since Bob will not know exactly what 
the \m) means without the knowledge of j and n. Just the necessity of classical 
information transferring makes the faster-than-light communication impossible. 

We have discussed above the possibility, in principle, the possibility of telepor- 
tation of any S'-level quantum states by no less than L = log S two-level EPRs. In 
our discussion, we use the complicated unitary transformation Uac, which means 
the evolution of the quantum state of system AC under the interaction of all those 
particles involved in AC. The complication of Uac leads to the complication of 
operation. It is even impossible for us to operate such a transformation unless 
we take further consideration. The method of quantum computational networks 
has shown out the most feasible way of realizing the operation. The quantum 
computational networks has been much studied in Ref. [[22], |23], pi]] . Following 
their method, we make the transformation more operationable by decomposing 
Uac, which is to 2L + 1 particles, into a sequence of two-body unitary trans- 
formations and a simple single-body unitary transformation. Only two classes 
of such transformations are used: (a) the discrete Fourier transform modulo S, 
denoted DFT$, which is a unitary transformation in S dimensions.. It is defined 
relative to the basis |0) c , |l) c , • • • , \S — l) c by 

DFT s \m) c = -L fy 22 ^ \j) c (13a) 
j=0 
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(b) a combined unitary transformation Uck to the two particles C and A k (k = 
0, 1, • • • , L — 1). Uck is defined by 



U C k \m) c \n k ) Ak = \m) c \m k © n fc ) Afe (14) 
Uac can be decomposed into the product of these two classes of transformation 

Uac = ( if Efc*) • DFT S ■ ( if O (15) 

\fc=0 / \fc=0 / 

where because [C/cfe', ^cfc] = for any k, k' = 0, 1, • • • , L — 1, we need not distin- 



guish their order. By [15| we simplify the problem in operation of Uac, f° r the 
quantum operation on two bodies is far more feasible than on a lot of bodies. 

In summary, we construct the scheme of transferring an arbitrary iS-level 
quantum state by using two-level EPRs. The importance of this construction 
lies not only on the scheme itself, but also on the possibility of further research 
and application of teleportation. It leads us to more general, more feasible and 
simultaneously more challenging considerations on the problem of teleportation. 
A lot of questions, such as probabilistic teleportation and teleportation of un- 
known quantum states by definite number of EPRs, are thus put forward before 
us, waiting for us to solving. 
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